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Abstract—It is widely recognized that OFDM (Orthogonal
Frequency Division Multiplexing) signals are very prone to
nonlinear distortion effects, which can lead to significant per-
formance degradation. However, recent results have showed that
nonlinear distortion effects do not necessarily mean performance
degradation and can actually lead to performance improvements
relatively to conventional, linear OFDM schemes. In this paper we
consider the effects of bandpass memoryless nonlinear devices on
OFDM signals and study the optimum asymptotic performance
for both non-dispersive channels and severely time-dispersive
channels. We present analytical methods for obtaining the Eu-
clidean distance between two OFDM signals that are subjected
to different nonlinear characteristics. These results are then
employed for obtaining the average asymptotic gain relatively to
conventional, linear OFDM schemes in non-dispersive channels
and the gain distribution for severely time-dispersive channels
with Rayleigh-distributed fading on the different multipath
components. Our analytical results, which are shown to be very
accurate, indicate that the optimum detection of OFDM schemes
with strong nonlinear distortion effects allows significant gains
when compared with conventional, linear OFDM schemes. 1

Index Terms—Optimum detection, OFDM signals, nonlinear
distortion, performance evaluation.

I. INTRODUCTION

OFDM modulations [1] have become very popular for
current wireless communications systems. They are employed
in many wireless communications standards such as DVB
(Digital Video Broadcasting) [2], LTE (Long Term Evolution)
[3] and WiMAX (Worldwide Interoperability for Microwave
Access) [4]. This choice is based on two key advantages of
OFDM schemes: (i) their high spectral efficiency and, (ii) their
facility to deal with frequency-selective channels without the
need for complex receivers.

However, OFDM signals have large envelope fluctuations
and, consequently, a high PAPR (Peak-to-Average Power Ra-
tio). This leads to the saturation of the power amplifier, and,
consequently, nonlinear distortion effects at the transmitter
output. To deal with the high power peaks of OFDM signals
and avoid the saturation of the power amplifier, a high IBO
(Input Back-Off) can be considered. However, high IBOs lead
to lower amplification efficiencies since the power amplifier
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works far from its saturation point. For this reason, several
techniques to mitigate the high PAPR of OFDM signals have
been proposed in the literature (see [5] and the references
within). Among the proposed techniques, the simplest and
more flexible ones involve the use of a nonlinear operation in
the time-domain, followed by a filtering operation to eliminate
the out-of-band radiation and maintain the original signal
bandwidth [6]. However, although the resultant signal has a
lower PAPR and allows a more efficient power amplification,
it is also impaired by nonlinear distortion.

For these reasons, the existence of nonlinear distortion
effects in OFDM signals is almost unavoidable. The nonlin-
ear devices present in the transmission chain are commonly
modeled as bandpass memoryless nonlinearities and can either
be unintentional, as when we employ nonlinear amplifiers [7],
or intentional, such as the ones inherent to the use of PAPR-
reducing clipping techniques [6],[8][9].

To study the impact of nonlinear distortion effects on OFDM
signals, one can take advantage of their Gaussian nature
specially when the number of subcarriers is high. Under the
Gaussian approximation, the Bussgang theorem [10][11] states
that a nonlinearly distorted signal can be decomposed in two
uncorrelated terms: one that is proportional to the original
signal and another that represents the nonlinear distortion
and aggregates the content of all inter modulation products.
There are basically three approaches to deal with the nonlinear
distortion:
• Consider it as an additional noise component that leads

to performance degradation. This degradation can be spe-
cially serious when we have strong nonlinear distortion
effects and/or for larger constellations;

• Employ receivers that try to estimate and cancel this
distortion sometimes denoted as “Bussgang Receivers”
[12]-[15]. However, these receivers have limitations since
the estimation of the distortion term is not easy, especially
at low SNR (Signal-to-Noise Ratio);

• Take advantage of the useful information in the nonlinear
distortion component, which can be employed to improve
the performance of the nonlinear OFDM schemes. As far
as we know, the first work that considered this approach is
[16], but the authors only studied the gains that are inher-
ent to the diversity introduced by the nonlinearity. In fact,
the optimum performance of nonlinear OFDM schemes
can be as good or even better than the performance of
conventional linear OFDM schemes [17] even in AWGN
(Additive White Gaussian Noise) channels, which reveals
performance improvements beyond the diversity gains of
[16]. Several sub-optimum receivers were proposed to
approach this optimum performance [16]-[19].
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In this paper we consider OFDM signals with strong nonlinear
distortion effects and we extend the results of [17] to a wide
range of bandpass memoryless nonlinearities. We study the
average asymptotic gain associated to the optimum detection
since it provides a good reference for the performance with an
optimum detection, specially when the number of subcarriers
is large. This study comprises both non-dispersive channels
and severely time-dispersive channels and present analyti-
cal methods for obtaining the Euclidean distance between
two OFDM signals that are subjected to different nonlinear
characteristics. These results are then employed for obtaining
the average asymptotic gain relatively to conventional, linear
OFDM schemes in non-dispersive channels and the gain dis-
tribution for severely time-dispersive channels with Rayleigh-
distributed fading on the different multipath components. The
major contributions of this paper are the following:
• Analytical evaluation of the average asymptotic gain in

an ideal non-dispersive channel when there are bandpass
memoryless nonlinearities (both intentional and uninten-
tional) in the transmission chain. This can be regarded
as an extension of the results presented in [17], since
the bandpass memoryless nonlinearities considered there
(with only AM/AM (Amplitude Modulation/Amplitude
Modulation) nonlinear distortion) can be regarded as a
special kind of bandpass nonlinearities without AM/PM
(Amplitude Modulation/Phase Modulation) distortion ef-
fects;

• Analytical distribution of the gains for time-dispersive
Rayleigh fading channels;

• Analytical computation of the average Euclidean dis-
tances and gain distributions for data blocks differing in
more than one bit, something critical when we consider
channel coding.

The paper is organized as follows: The nonlinear OFDM
chain and the characterization of the signals along its blocks
is made in Sec. II. The optimum detection of nonlinearly
distorted OFDM signals is considered in Sec. III and Sec.
IV presents an analytical method for obtaining the average
asymptotic gains in ideal, non-dispersive channels. Sec. V
shows how we can use these results for obtaining the gain
distributions in frequency-selective channels and, finally, Sec.
VI concludes the paper.

Throughout the paper the following conventions are
adopted: bold letters denote matrices or vectors. Italic letters
denote scalars. Capital letters are associated to the frequency-
domain and small letters are associated to the time-domain.
||X|| denotes the Euclidean norm of the vector X and (·)T
denotes the transpose operator. Xi,j denotes the element on
the ith line and jth column of matrix X. The PDF (Probability
Density Function) of the random variable x, px(x), is simply
denoted by p(x) when there is no risk of ambiguity. E[·]
denotes the average value.

II. NONLINEAR OFDM TRANSMISSION

In this section we characterize the signals along the trans-
mission chain depicted in Fig. 1. The input data signal is
represented by the vector S = [S0 S1 ... SNM−1]T ∈ CNM ,

which is a frequency-domain vector composed by N data
symbols, each one selected from a QPSK (Quadrature Phase
Shift Keying) constellation, plus (M −1)N idle subcarriers at
the edge of useful band, where M represents the oversampling
factor. A time-domain version of S is obtained by applying
an IDFT (Inverse Discrete Fourier Transform) to S, i.e.,
s = F−1S = [s0 s1 ... sNM−1]T ∈ CNM with F denoting the
NM -point DFT (Discrete Fourier Transform) matrix, whose
the entry at the ith line and jth column is given by2

Fi,j =
1√
NM

exp

(
−j2πij
NM

)
, i, j = 0, 1, ...MN − 1.

(1)
The time-domain samples s = [s0 s1 ... sNM−1]T ∈ CNM
have a Gaussian nature and can be modeled by a complex
normal random variable, i.e., s ∼ CN (0, 2σ2). The absolute
values of the time-domain samples are represented by R =
|s| = [R0 R1 ... RNM−1]T ∈ RNM and can be modeled by
R, which is a random variable with Rayleigh distribution, i.e.,
the corresponding PDF is

p(R) =
R

σ2
exp

(
− R2

2σ2

)
u(R), (2)

with u(R) denoting the unitary step function. The polar mem-
oryless nonlinearities considered in this work are characterized
by the AM/AM and the AM/PM conversion functions that are
represented by A(·) and Θ(·), respectively. These functions
only depend on the absolute value of the time-domain signal
at their input. In Fig. 2 is depicted the scheme of a general
bandpass memoryless nonlinearity. The nth output sample is

abs(·)
A(·)

Θ(·)

arg(·) θn

ynsn

exp(j(·))

Rn

Fig. 2: General scheme of a polar memoryless nonlinearity.

given by

yn = f(Rn) exp(jθn) = A(Rn) exp(j(Θ(Rn) + θn)), (3)

with θn = arg(sn) representing the original phase of the nth

time-domain sample. Throughout this work, we considered
three bandpass memoryless nonlinearities: an ideal envelope
clipping, a SSPA (Solid-State Power Amplifier) [20] and a
TWTA (Traveling Wave Tube Amplifier) [7]. The SSPA is
characterized by

A(Rn) =
Rn

2p

√(
1 +

(
Rn

sM

)2p
) , (4)

and Θ(Rn) ≈ 0. The parameter p controls the smoothness
between the linear region and the saturation, where the input
and output envelope are both sM . As we increase p we get

2It should be noted that the matrix indexes start in 0, instead of 1.
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Fig. 1: Considered transmission scenario.

stronger nonlinear distortion effects and, in the limit, p = +∞
and the SSPA turns into an ideal envelope clipping. The TWTA
has the following AM/AM characteristic

A(Rn) = 2
Rn

sM

1 +
(
Rn

sM

)2 , (5)

and its AM/PM conversion function is

Θ(Rn) = 2
θM

(
Rn

sM

)2

1 +
(
Rn

sM

)2 , (6)

where sM is the input and output amplitude at saturation and
θM is the phase rotation added to the original input phase.

By taking advantage of the Gaussian nature of OFDM
signals, the Bussgang theorem [10][11] can be used. In these
conditions, the nonlinearly distorted signal at the nonlinearity
output can be expressed as

y = αs + d, (7)

where d = [d0 d1 ... dNM−1]T ∈ CNM represents the
distortion introduced by the nonlinearity and α is an appro-
priate scale factor that relates the cross-correlation between
the input and the output signals of the nonlinearity and the
autocorrelation of the input signal,

α =
E[sny

∗
n]

E[|sn|2]
. (8)

It is important to note that E[dn] = 0 and E[snd
∗
n] = 0,

i.e., the distortion term has zero mean and is uncorrelated
with the useful data. Making use of DFT definition in (1), the
frequency-domain version of (7) is obtained through Y = Fy,
that yields

Y = αS + D, (9)

where D = [D0 D1 ... DNM−1]T ∈ CNM is the frequency-
domain version of the distortion term that follows a normal
distribution with zero mean as shown in [6][21][22]. In order
to reduce the out-of-band radiation introduced by the nonlin-
earity, a FDF (Frequency Domain Filter) can be employed.
In our signal processing scheme, this filtering operation is
represented as a multiplication by the diagonal matrix G,
defined as

G = diag


 0.....0︸ ︷︷ ︸

(M−1)N/2

1.....1︸ ︷︷ ︸
N

0.....0︸ ︷︷ ︸
(M−1)N/2

T
 . (10)

When the filtering operation is not considered G is the identity
matrix, i.e., G = I. Before the transmission, we attach
an appropriate CP (Cyclic Prefix) to the time-domain block
F−1GY. The CP is assumed to be longer than the overall
channel impulse response length, since for a shorter CP we

have ISI and ICI effects [23][24]. At the reception side, the CP
samples are discarded and we have z = [z0 z1 ... zNM−1]T ∈
CNM , with the corresponding frequency-domain block Z =
[Z0 Z1 ... ZNM−1]T ∈ CNM defined by

Z = αHGS + HGD + N, (11)

where N = [N0 N1 ... NNM−1]T ∈ CNM represents
the noise components and H = diag

(
[H0 H1 ... HNM−1]T

)
represents the channel frequency responses.

III. OPTIMUM DETECTION

The nonlinear distortion component d =
[d0 d1 ... dNM−1]T ∈ CNM (and the corresponding
frequency-domain version D = [D0 D1 ... DNM−1]T ∈
CNM ) is usually regarded as an undesirable noise-
like term that leads to performance degradation when
conventional OFDM receivers (designed assuming linear
OFDM transmissions) are employed. However, when we
consider the optimum detection of nonlinearly distorted
OFDM signals the situation is quite different [17]. In [17]
is shown that the optimum receiver evaluates directly the
Euclidean distance between the signals to choose the best
estimate of the transmitted sequence and its performance is
closely related to the minimum Euclidean distance between
the transmitted signals. In this section we explain and show
the potential gains inherent to an optimum detection of
nonlinearly distorted OFDM signals. It is well known that
obtaining analytically the optimum BER (Bit Error Rate)
performance in this case is very difficult. Therefore, we
need an accurate BER measure that can be obtained in a
practical way. For this reason, we considered the asymptotic
gain (or degradation) relatively to the linear case. Since the
asymptotic gain can be associated to very rare events, we
used its average value (i.e., we averaged it over different data
sequences differing in a given number of bits), leading to
what we called “average asymptotic gain”. Since its variance
is small, especially for large blocks (see Fig. 4 below), it
provides an accurate insight of the optimum performance for
low BER.

The main idea behind our approach is that when we
have strong nonlinear distortion effects the ratio between the
squared Euclidean distance and the average bit energy can
be higher than in a scenario where the transmission is linear.
Considering the existence of nonlinear distortion effects and
the DFT definition in (1), we can define the average bit energy
for QPSK constellations3 in the frequency-domain as

ENLb =

NM−1∑
k=0

|Yk|2

2N
. (12)

3The generalization to other constellations is straightforward.
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In the case of a linear transmission, the average bit energy is
given by

ELb =

NM−1∑
k=0

|Sk|2

2N
. (13)

To evaluate these potential gains, let us start by considering
the data sequence S(2) = [S

(2)
0 S

(2)
1 ... S

(2)
NM−1]T ∈ CNM

that differs from S(1) = [S
(1)
0 S

(1)
1 ... S

(1)
NM−1]T ∈ CNM in µ

bits uncorrelated positioned on the subcarriers whose indexes
define the set Φ = [Φ0 Φ1 ... Φµ−1], with Φi ∈ {0, N − 1}.
These two sequences are submitted to a bandpass memo-
ryless nonlinearity to generate Y(2) and Y(1), respectively.
Fig. 3 shows the absolute value of the difference between
two nonlinearly distorted sequences that differ in one bit
considering an ideal AWGN channel. From the figure, it

k/N
−2 −1.5 −1 −0.5 0 0.5 1 1.5 20

0.1

0.2
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0.7

∣ ∣

Y
(2
)
−

Y
(1
)∣ ∣

Fig. 3: Difference between two OFDM signals distorted by an ideal
envelope clipping parametrized sM/σ = 0.5.

can be noted that there exists power in all subcarriers and
not only on the subcarrier where the bit was modified. This
suggests the existence of a diversity gain as is pointed out in
[16]. The potential energy gain that can be achieved without
considering a FDF is related to the squared Euclidean distance
with and without nonlinear distortion effects. When a linear
transmission is considered, we have D2

L = 4ELb . In the
other hand, if there is a nonlinear transmission, the squared
Euclidean distance is D2

NL = 4GENLb , where G is the potential
asymptotic gain associated with the optimum detection, given
by

G =
D2
NL

4ENLb
=

∣∣∣∣Y(2) −Y(1)
∣∣∣∣2

4ENLb

=

MN−1∑
k=0

∣∣∣α(S(2)
k − S

(1)
k

)
+D

(2)
k −D

(1)
k

∣∣∣2
4ENLb

. (14)

Fig. 4 shows the distribution of G, p(G), considering OFDM
sequences that differ in µ bits and are nonlinearly distorted
by an envelope clipping parameterized with sM/σ = 1.0.
From the figure, we note that G has fluctuations around its
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Fig. 4: PDF of G considering different values of µ and a variable
number of in-band subcarriers N .

average value but they decrease as N increases. Moreover,
the gain is almost always higher than 1 (the value for a linear
transmission), i.e., E[G]µ=1 > 0 dB. We also include the
simulation of p(G) for µ > 1 since this is the typical situation
of coded OFDM scenarios, where the minimum Euclidean
distance is dominated by sequences that differ in µ > 1
bits, with µ depending on the minimum Hamming distance
of the code. It can be verified that even for µ > 1 there are
also potential performance improvements since E[G] increases
linearly with µ. Under the assumption that N is large, it is
possible to approximate the Euclidean distance by the sum
of two components: one associated to the useful part of the
difference between the µ erroneous subcarriers, D2

d, and other
associated to the distortion part of the difference between all
subcarriers, D2

c ,

D2
NL =

MN−1∑
k=0

∣∣∣α(S(2)
k − S

(1)
k

)
+D

(2)
k −D

(1)
k

∣∣∣2
≈
MN−1∑
k=0

(∣∣∣α(S(2)
k − S

(1)
k

)∣∣∣2 + E
[∣∣∣D(2)

k −D
(1)
k

∣∣∣2])

=
∑
k∈Φ

∣∣∣α(S(2)
k − S

(1)
k

)∣∣∣2
︸ ︷︷ ︸

D2
d

+

MN−1∑
k=0

E
[∣∣∣D(2)

k −D
(1)
k

∣∣∣2]︸ ︷︷ ︸
D2

c

.

(15)

For D(i)
k we have we

MN−1∑
k=0

|D(i)
k |2 ≈

MN−1∑
k=0

E[|Dk|2] when

N � 1 because different D(i)
k are almost uncorrelated, the

expected values change slowly with k and we have a large
number of terms in the second sum. Moreover the D(i)

k are
uncorrelated with S

(i)
k (Bussgang’s theorem [10]). Finally,

cross terms between S(1)
k and D(2)

k or D(1)
k and S(2)

k are also
uncorrelated and with zero mean. With this approximation the
asymptotic gain can be written as

G ≈ D2
d

4ENLb︸ ︷︷ ︸
Gd

+
D2
c

4ENLb︸ ︷︷ ︸
Gc

, (16)
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i.e., we decompose the gain in two terms, one associated to the
subcarriers where we have bit differences (where the nonlinear
distortion term is much lower than the term associated to the
“useful part”), and a second term associated to the subcarriers
differing only in nonlinear distortion terms4.

IV. THEORETICAL OPTIMUM ASYMPTOTIC
PERFORMANCE

This section aims to present a theoretical characterization of
the average potential gains presented in the previous section.
In order to do this, let us start by introduce the error E =
[E0E1 ... ENM−1]T ∈ CNM between two modulated data
sequences S(1) and S(2) by writing

S(2) = S(1) + E. (17)

The kth element of E is given by

Ek =

{
dadj exp(jν), k ∈ Φ
0, otherwise, (18)

where dadj is the minimum distance between two symbols of
a given constellation C (in the concrete case of QPSK constel-
lations we have Sk = ±1±j, dadj = 2 and ν ∈ {0, π,±π/2}.
Regarding the time-domain, the error term is represented by
ε = F−1E = [ε0 ε1 ... εNM−1]T ∈ CNM , with the nth

element defined by

εn =

MN−1∑
k=0

F−1
n,kEk =

∑
k∈Φ

F−1
n,kEk (19)

=
∑
k∈Φ

dadj√
MN

exp

(
j2πnk

MN
+ jν

)
= ∆n exp(jφn).

Let us model the absolutes value of the time-domain samples
of the error term, |εn| = ∆n, with the random variable ∆, and
their phases, arg(εn) = φn, with φ. It is important to note that
although we do not have the distribution of ∆, p(∆), it can
be easily demonstrated that

E[∆2] =
µ

NM
d2
adj . (20)

The random variable φ has uniform distribution in [0 : 2π[
and, consequently, its PDF is given by

p(φ) =
1

2π
, φ ∈ [0 : 2π[, (21)

and 0 otherwise. In order to derive the average asymptotic gain
associated to the optimum detection, we present a theoretical
expression for the average squared Euclidean distance between
two nonlinearly distorted signals Y(1) and Y(2) associated to
the submission of S(1) and S(2) to the memoryless nonlinear-
ities presented in the Sec. II. Let us consider a time-domain
sample of an OFDM signal in its polar form5,

s = R exp(jθ), (22)

4Due to distortion term in the µ subcarriers, this decomposition has an
error of order µ/N that becomes negligible when N � µ.

5Although we are working with time-domain samples, we omit the subscript
n in the following equations for the sake of notation simplicity.

and rewrite (19) as

ε = ∆ exp(jφ). (23)

Applying an IDFT to (17), we have

R(2) exp
(
jθ(2)

)
= R(1) exp

(
jθ(1)

)
+ ∆ exp (jφ) . (24)

Due to the circular nature of s(1) and ε we can assume without
loss of generality that θ = 0, leading to

R(2) exp
(
jθ(2)

)
= R(1) + ∆ exp(jφ)

=
(
R(1) + ∆ cos(φ)

)
+ j∆ sin(φ),

as we can observe in Fig. 5. Defining Ψ = θ(2) − θ(1), we

φ
θ(2)

R(2)

R(1)

s(2)

s(1)

ε

∆

Im

Re
Fig. 5: Vectorial representation of s(1) and s(2) when θ(1) = 0.

have

Ψ = arg
(
R(1) + ∆ exp(jφ)

)
= arctan

(
∆ sin(φ)

R(1) + ∆ cos(φ)

)
(a)
≈ ∆ sin(φ)

R(1)
, (25)

where the approximation (a) is valid if R(1) � ∆. Similarly,
R(2) can be approximated by

R(2) =
∣∣∣R(1) + ∆ exp(jφ)

∣∣∣
=

√
(R(1) + ∆ cos(φ))2 + ∆2 sin2(φ) ≈ R(1) + ∆ cos(φ).

(26)

Regarding s(1), the nonlinearity output is hence

y(1) = A
(
R(1)

)
exp

(
j
(
θ(1) + Θ

(
R(1)

)))
. (27)

For s(2), assuming θ(2) = 0, we can write6

y(2) ≈ A
(
R(2)

)
exp

(
j
(
θ(2) + Θ(R(2))

))
= A (R+ ∆ cos(φ)) exp(jΨ) exp (j(Θ(R+ ∆ cos(φ))).

(28)

Let us now express the nonlinearity in the Cartesian form as

f(R) = A(R) cos(Θ(R)) + jA(R) sin(Θ(R))

= fI(R) + jfQ(R). (29)

6Assuming R(1) = R for the sake of notation simplicity.
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Using a Taylor approximation, we can expand fI(R +
∆ cos(φ)) and fQ(R+ ∆ cos(φ)) around R, resulting,

fI(R+ ∆ cos(φ)) = fI(R) + f ′I(R)∆ cos(φ), (30)

and,

fQ(R+ ∆ cos(φ)) = fQ(R) + f ′Q(R)∆ cos(φ). (31)

With this approximation, the nonlinearity output for s(2) is
y(2) ≈(
fI(R) + f ′I(R)∆ cos(φ) + j

(
fQ(R) + f ′Q(R)∆ cos(φ)

))
× exp(jΨ). (32)

For s(1), we can write

y(1) = fI(R) + jfQ(R). (33)

To obtain the Euclidean distance between these two signals,
we will start by evaluating the difference between them, y(2)−
y(1) ≈(
fI(R) + jfQ(R) + ∆ cos(φ)

(
f ′I(R) + jf ′Q(R)

))
exp(jΨ)

−
(
fI(R) + jfQ(R)

)
=
(
fI(R) + jfQ(R)

)(
1− exp(−jΨ)

)
+
(

∆ cos(φ)(f ′I(R) + jf ′Q(R))
)

= A(R) exp(jΘ(R))
(

1− exp(−jΨ)
)

+
(

∆ cos(φ)(f ′I(R) + jf ′Q(R))
)
. (34)

Recalling that sin(Ψ) ≈ Ψ and cos(Ψ) ≈ 1 for low values
of Ψ (say Ψ � 1) and using (25), we have exp (−jΨ) ≈
1− jΨ ≈ 1− j∆ sin(φ)

R , which allows us to rewrite (34) as

y(2) − y(1) ≈ A(R) exp
(
jΘ(R)

)
j

(
∆ sin(φ)

R

)
+ ∆ cos(φ)

(
f ′I(R) + jf ′Q(R)

)
. (35)

Since

f ′Q(R) = A′(R) sin(Θ(R)) +A(R) cos(Θ(R))Θ′(R), (36)

and f ′I(R) = f ′Q(R+ π
2 ), we can write f ′I(R) + jf ′Q(R)

= A′(R) exp
(
jΘ(R)

)
+A(R)Θ′(R) exp

(
j
(

Θ(R) +
π

2

))
= exp

(
jΘ(R)

)(
A′(R) + jA(R)Θ′(R)

)
. (37)

Using this result, (35) turns to

y(2) − y(1) ≈ ∆ exp
(
jΘ(R)

)
(38)

×
(
j
A(R) sin(φ)

R
+ cos(φ)

(
A′(R) + jA(R)Θ′(R)

))
.

The squared absolute value of (38) is∣∣∣y(2) − y(1)
∣∣∣2 ≈ ∆2

(
(A′(R) cos(φ))

2
)

+ ∆2

(
A(R) sin(φ)

R
+ (Θ′(R)A(R) cos(φ))

2
)
. (39)

Considering ∆, φ and R to be independent, we can approx-
imate the average value of the squared Euclidean distance

between y(2) and y(1) as represented in (40) (on the top
of the next page), given that Eφ[cos2(φ)] = Eφ[sin2(φ)] =
Eφ[sin(2φ)] = 1. As R is Rayleigh distributed, the average
bit energy is theoretically given by

ENLb =
1

2
E[f2(R)] =

1

2

+∞∫
0

f2(R)p(R)dR. (41)

Using (40) and (41), the average value of (14) can be theoret-
ically obtained by

E[G] =
E[D2

NL]

4ENLb
(42)

=

µd2
adj

+∞∫
0

(
A

′2(R) +
A2(R)

R2
+ Θ

′2(R)A2(R)

)
p(R)dR

2

+∞∫
0

f2(R)p(R)dR

.

It should be noted that when we do not have AM/PM distortion
we have Θ(R) = 0 and (42) reduces to the expression derived
in [17]. Fig. 6 shows the average asymptotic gain of the
optimum receiver considering a SSPA with p = 1 and a TWTA
with θM = π/3 as a function of sM/σ. The OFDM signals
have a variable number of N in-band subcarriers and M = 4.
From this figure we note that the theoretical expression is very
accurate for both nonlinearities. When N is large the error
becomes lower than 0.2 dB since the Taylor approximations
are more accurate. The bigger potential gains of the TWTA
can be explained due to its stronger nonlinear distortion effects
comparing to the SSPA with p = 1, which is a smooth
nonlinearity. As we consider SSPA amplifiers with higher
values of p, higher average asymptotic gains are expected.
However, although the gain seems to increase when sM/σ
decreases, a very low value of sM/σ can bring problems,
especially when sub-optimal receivers are taken into account
[17]. It also should be noted that when a TWTA is considered,
E[G] converges to 1 (0 dB) for large sM/σ, although at a
slower rate when compared to the SSPA case.

V. PERFORMANCE OF OPTIMUM RECEIVERS IN
FREQUENCY-SELECTIVE CHANNELS

The work presented in the previous sections shows that
there are gains associated with the optimum detection of
nonlinearly distorted OFDM signals in ideal AWGN channels.
However, OFDM schemes are commonly employed in disper-
sive channels rather than in non-dispersive channels. Thus, it
is important to understand if the potential gains associated
to the AWGN channels still exist in dispersive channels. In
this section, we analyse the optimum performance of nonlin-
ear OFDM schemes in severely time-dispersive channels by
making use of their statistical behaviour. When dealing with
frequency-selective channels the asymptotic gain associated
to a nonlinear OFDM transmission (conditioned to a given
channel realization H) can be written as

GH =
D2
NL,H

4ENLb
(43)
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E[D2
NL] ≈ NME∆,R,φ

[
∆2

(
(A′(R) cos(φ))

2
+

(
A(R) sin(φ)

R
+ Θ′(R)A(R) cos(φ)

)2
)]

= NM

(
E∆

[
∆2
]
ER
[
A

′2(R) +
A2(R)

R2
+ Θ

′2(R)A2(R)

])

= µd2
adj

+∞∫
0

(
A

′2(R) +
A2(R)

R2
+ Θ

′2(R)A2(R)

)
p(R)dR. (40)

sM/σ
0 0.5 1 1.5 2 2.50

2

4

6

8

10

12

E
[G
]
(d
B
)

TWTA

SSPA

(*): N = 16
(o): N = 64
(∆): N = 256

: Theoretical average gain
− − − : Simulated average gain

Fig. 6: Average asymptotic gain of a SSPA and a TWTA as a function
of sM/σ.

=

MN−1∑
k=0

|Hk|2
∣∣∣α(S(2)

k − S
(1)
k

)
+D

(2)
k −D

(1)
k

∣∣∣2
4ENLb

=

MN−1∑
k=0

|Hk|2D2
NL,k

4ENLb
.

It should be pointed out that the average bit energy is also
conditioned to the channel realization but since we considered
a normalized channel with E[|Hk|2] = 1, ENLb is still given
by (41).

To obtain (43) we first note that, as in (16), we can
decompose it as GH = GH,d + GH,c, with the first term
associated to the subcarriers where we have bit differences and
the second term associated to the subcarriers where D2

NL,k has
only nonlinear distortion terms.

Clearly,

GH,d ≈

E[D2
d]

µ

∑
k∈Φ
|Hk|2

4ENLb
=

E[Gd]γd
µ

, (44)

where E[D2
d] is a function of the bit differences and

γd =
∑
k∈Φ

|Hk|2. (45)

The computation of GH,d is more difficult, since it has a
term of the type

∑
k |Hk|2|D(1)

k − D
(2)
k |2 =

∑
k |Hk|2D2

d,k.
To obtain it we should have in mind the following:

(a) D2
d,k changes much faster than |Hk|2 (see Fig. 7);

(b) D2
d,k has a huge number of oscillations over the sum (see

Fig. 7);
(c) The statistical properties D2

d,k change very slowly over
the sum, namely when compared with |Hk|2;

(d) |Hk|2 has a large number of oscillations;
(e) The sum of |Hk|2 over a sliding window with length R,

with 1 << R << N is almost constant and equal to
R
N

∑
k |Hk|2 7.

k/N

d
B

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−80

−60

−40

−20

0

20 − − − : |Hk|
2 (Frequency-selective channel)

: D2
NL (AWGN channel)

Fig. 7: Evolution of D2
NL in an ideal AWGN channel and the channel

frequency responses considering a frequency-selective channel with
several multipath components.

Therefore, we have∑
k

|Hk|2D2
d,k ≈

∑
k

|Hk|2E[D2
d,k] (46)

≈

(
1

NM

∑
k

|Hk|2
)
×

(∑
k

E[D2
d,k]

)
,

where the first approximation comes from (a), (b) and (c)
and the second approximation comes from (c), (d) and (e).
Therefore,

GH,c ≈

E[D2
c ]

MN

MN−1∑
k=0

|Hk|2

4ENLb
=

E[Gc]γc
NM

, (47)

7This is not necessarily equal to
∑

k E[|Hk|2] = NM due to statistical
fluctuations in the amplitudes of the corresponding multipath components of
that channel realization.
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where

γc =

MN−1∑
k=0

|Hk|2. (48)

Our goal is to define the distribution of two random vari-
ables: γd, related to the frequency-responses that weight the
discrete part of the gain, and γc, associated to continuous part
of the gain. With these two distributions, we are in conditions
to derive the distribution of the gain GH and its basic statistical
properties. Let us start by considering the general impulsive
response of a frequency-selective channel with I multipath
components given by

h(t) =

I−1∑
i=0

αiδ(t− τi), (49)

where αi and τi are the power and the delay of the ith ray,
respectively8, and δ(·) is the delta Dirac function. The corre-
sponding channel frequency response is the Fourier Transform
of h(t), given by

H(f) =

I−1∑
i=0

αi exp (−j2πfτi) , (50)

and the channel frequency response associated to the kth

subcarrier is

Hk = H (f) |f= k
T

=

I−1∑
i=0

αi exp

(
−j2π k

T
τi

)
, (51)

where T represents the duration of the OFDM symbol. As we
consider that E

[
|Hk|2

]
=
∑I−1
i=0 E

[
|αi|2

]
= 1, the average

power of the received signal is the same of the transmitted
signal. Moreover, we assume uncorrelated Rayleigh fading
on the different multipath components, i.e., αi ∼ CN (0, σ2

i )
with σ2

i = 1
I for i = 0, 1, ..., I − 1, and, consequently,

Hk ∼ CN (0, 1). The random variable |Hk|2 is Gamma
distributed with shape parameter ω = 1 and scale parameter
υ = 1, i.e., |Hk|2 ∼ Γ(1, 1) (E

[
|Hk|2

]
= ωυ = 1).

Defined the distribution of |Hk|2 we are in conditions to define
the distribution of γd and γc. Regarding γc, we have γc =∑MN−1
k=0 |Hk|2 ≈MN

∑I−1
i=0 |αi|2. This random variable has

a Gamma distribution with shape parameter ω = I and scale
parameter υ = MN

I , i.e., γc ∼ Γ
(
I, MN

I

)
. Similarly, from

(45) we have γd ∼ Γ(µ, 1). Fig. 8 shows the distribution of
γc obtained both theoretically and by simulation, considering
I = 32, N = 512 and M = 4. The figure confirms the
high accuracy of our model for γc. In Fig. 9 it is shown
the distribution GH,d and GH,c obtained both theoretically and
by simulation, revealing that the theoretical expressions are
accurate. The random variable GH is given by the sum of two
independent gamma variables with different parameters, i.e.,
GH,d ∼ Γ(µ, E[Gd]

µ ) and GH,c ∼ Γ(I, E[Gc]
I ). In Appendix. A

we derive its distribution, that is

p(GH) =

(
µ

E[Gd]

)µ (
I

E[Gc]

)I
Γ(I + µ)

GI+µ−1
H exp

(
− GHI
E[Gc]

)
8For the sake of simplicity, we assume that the multipath components are

spaced by multiples of the sampling interval T/N .

x

p
(x
)

400 600 800 1000 1200 1400 1600 1800 2000

×10−3

0

0.5

1

1.5

2

2.5
− ⋄ − : Γ(I, MN

I
)

− ◦ − : p(MN
∑I

i=1 |αi|
2)

: p(γc)

Fig. 8: Distribution of γc obtained both theoretically and by simula-
tion.

p
(x

)

x
0 0.5 1 1.5 2 2.5 30

1

2

3

4

5

6

7
− − − : Γ(I , E[Gc]

I
)

: p(GH,c)

− − − : Γ(µ, E[Gd]
µ

)

: p(GH,d)

Fig. 9: Distribution of GH,d and GH,c obtained both theoretically and
by simulation.
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0.6

0.7
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0.9

1
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H
)
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µ = 10
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Fig. 10: Distribution of GH obtained by simulation and with (52)
considering different values of µ.

×M
(
µ, I + µ,GH

(
I

E[Gc]
− µ

E[Gd]

))
, (52)
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where M(a, b, z) is the Kummer’s function of the first kind
[25]. In the next figures we present a set of results for
the distribution of GH , p(GH). Unless otherwise stated, it
is assumed that the frequency-selective channel has I = 32
multipath rays with uncorrelated Rayleigh fading. The OFDM
sequences have N = 1024 useful subcarriers, M = 4 and
differ in µ bits. Fig. 10 it is shown the distribution of GH
obtained both theoretically and by simulation considering an
envelope clipping parametrized with sM/σ = 1.0. The figure
shows the high accuracy of (52). As in the case of the ideal
AWGN channel, higher values of µ lead to higher potential
gains. It should be pointed out that as we are comparing with
the AWGN channel results, when µ = 1 we can have GH < 1,
which also happens in the case of linear OFDM transmissions.
Fig. 11 shows both the average value and the variance of
GH obtained theoretically and by simulation, which reinforces
the accuracy of (52). Fig. 12 shows p(GH) considering an

E
[G

H
]
(d

B
)

sM/σ
0.5 1 1.5 2 2.5 3

0.5

1

1.5

2

2.5

3

V
A
R
[G

H
]

sM/σ
0.5 1 1.5 2 2.5 3

0.6

0.8

1

1.2

1.4 : Theoretical

: Theoretical
− − − : Simulated

− − − : Simulated

Fig. 11: E[GH ] and VAR(GH) obtained theoretically and by simula-
tion as a function of sM/σ.

ideal envelope clipping, µ = 1 and different values of sM/σ.
Moreover, we also include p(GH) considering a FDF after the
nonlinearity (this distribution was obtained by simulation).
From this figure, we note that even when there is a FDF that
removes completely the out-of-band radiation, there are also
high potential gains and we only have a slight degradation
relatively to the unfiltered case. Additionally, it should be
pointed out that the potential asymptotic gains obtained in
frequency-selective channels are higher than the ones for ideal
AWGN channels (see Fig. 4).

For µ = 5 the average asymptotic gain is around 7.5 dB
and for µ = 10 (the free distance of a rate 1/2 convolutional
code) we have E[GH ] ≈ 11 dB. The higher gains in frequency-
selective channels can be explained due to the multipath diver-
sity that increases when combined with the diversity inherent
to the nonlinear distortion. Fig. 14 shows p(GH) for a TWTA
with sM/σ = 1.0 and θM = π/3. Since with this nonlinear
characteristic we have stronger nonlinear distortion effects, the
potential gains are also higher (see Fig. 6). Fig. 15 shows
the asymptotic BER associated with the optimum detection
in both AWGN and frequency-selective channels. This BER

p
(G

H
)

GH (dB)
−10 −5 0 5 100

0.5

1

1.5
: NL OFDM

- - - - : NL OFDM (FDF)
: Linear OFDM

(o): sM/σ = 1.0
(∆): sM/σ = 0.5

Fig. 12: Distribution of GH considering different values of sM/σ.

GH (dB)

p
(G

H
)

−10 −5 0 5 100

0.2

0.4

0.6

0.8

1

1.2

µ = 5

: NL OFDM

µ = 10

µ = 1

- - - : NL OFDM (FDF)

Fig. 13: Distribution of GH considering an envelope clipping with
sM/σ = 1.0 and different values of µ.

−5 0 5 10 150

0.2

0.4

0.6

0.8

1

1.2

GH (dB)

p
(G

H
)

: NL OFDM
- - - : NL OFDM (FDF)

µ = 10

µ = 1

µ = 5

Fig. 14: Distribution of GH considering a TWTA with sM/σ = 1.0
and θM = π/3.

was obtained through the distributions of the gains p(G) and
p(GH) when an ideal envelope clipping with sM/σ = 1.0
is considered. For the sake of comparisons, we also include
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the BER of the “Bussgang Receiver” [12], the sub-optimum
receiver presented in [17], and a conventional receiver, as
well as the performance of a linear OFDM transmission. The

Eb/N0(dB)

B
E
R

0 2 4 6 8 10 12 14 16 18 20

10−4

10−3

10−2

10−1

100 · − ·− : Linear
· · · · · : Hard Decision

: Bussgang receiver[12]

: Optimum Receiver

- - - - : Receiver of [17]

(*): AWGN Channel
(∆): Freq. Selective Channel

Fig. 15: BER considering a set of receivers and an envelope clipping
with sM/σ = 1.0 for both dispersive and non-dispersive channels.

very high potential gains associated to the gains distributions
are traduced in significant BER improvements. Not only the
optimum but also the sub-optimum receiver of [17] outperform
all other receivers. For frequency-selective channels the gains
are even higher due to the inherent diversity effect associated
to the nonlinear distortion. The main weakness associated to
the optimum receiver is its very high complexity. For instance,
considering an M size constellation and N subcarriers, MN

data sequences must be analyzed before a decision. The
reduced-complexity, sub-optimal receiver presented in [17] has
a complexity of order O(N log2(N)) per data symbol, which
might still be too high for most systems. For this reason, the
design of efficient receivers that can explore the advantages
of the nonlinear distortion and present low complexity is still
an open aspect.

VI. CONCLUSIONS

In this paper we investigated the optimum performance of
nonlinearly distorted OFDM signals when bandpass memo-
ryless nonlinearities are employed at the transmitter. We pre-
sented analytical methods for obtaining the average asymptotic
gain (when compared with OFDM signals with conventional,
linear transmitters) and its distribution in frequency-selective
channels with Rayleigh fading. Our analytical results were
shown to be very accurate and indicate that the optimum
detection of OFDM schemes with strong nonlinear distortion
effects allows significant gains when compared with conven-
tional, linear OFDM schemes. This means that we should not
ignore the nonlinear distortion or treat it as an unavoidable
annoyance, but as something that can help to improve the
performance.

APPENDIX A
DEMONSTRATION OF (52)

The random variable GH is given by the sum of two
independent gamma variables with different parameters, i.e.,

GH,d ∼ Γ(µ, E[Gd]
µ ) and GH,c ∼ Γ(I, E[Gc]

I ). [26] presents a
general expression for the distribution of Y = X1 + X2 +
... + Xn, that represents the sum of n independent gamma
variables in the form Xi ∼ Γ(αi = ωi, βi = 1

υi
). In our case,

we have n = 2 since we are summing two gamma variables.
In these conditions, the general expression in [26] yields

p(y) = Cyα1+α2−1

1∫
0

exp(−yCβ1,β2
(t))Bα1,α2

(t)dt, (53)

with C given by

C =
βα1

1 βα2
2

Γ(α1 + α2)
, (54)

Cβ1,β2
(t) = β1t+ β2(1− t), (55)

Bα1,α2(t) =
1

B2(α1, α2)
tα1−1(1− t)α2−1, (56)

and

B2(α1, α2) =
Γ(α1)Γ(α2)

Γ(α1 + α2)
. (57)

By using the last equations in (53), we may write

p(y) =
βα1

1 βα2
2

Γ(α1 + α2)
yα1+α2−1

1∫
0

exp(−y(β1t+ β2(1− t)))

× 1

B2(α1, α2)
tα1−1(1− t)α2−1dt

=
Γ(α1 + α2)

Γ(α1)Γ(α2)

βα1
1 βα2

2

Γ(α1 + α2)
yα1+α2−1 exp(−yβ2)

×
1∫

0

exp(yt(β2 − β1))tα1−1(1− t)α2−1dt. (58)

Introducing the variable K = y(β2 − β1), we have

p(y) =
βα1

1 βα2
2

Γ(α1 + α2)
yα1+α2−1 exp(−yβ2)

Γ(α1 + α2)

Γ(α1)Γ(α2)

×
1∫

0

exp(Kt)tα1−1(1− t)α2−1dt. (59)

Using the definition of the Kummer’s function of the first kind
[25], M(a, b, z), that is given by

M(a, b, z) =
Γ(b)

Γ(a)Γ(b− a)

1∫
0

exp(zu)ua−1(1− u)b−a−1du,

(60)
and knowing that y = GH , a = α1, b = α1 + α2, α1 = µ,
α2 = I , β1 = µ

E[Gd] and β2 = I
E[Gc] , we can express p(GH) as

p(GH) =

(
µ

E[Gd]

)µ (
I

E[Gc]

)I
Γ(I + µ)

GI+µ−1
H exp

(
− GHI
E[Gc]

)
×M

(
µ, I + µ,GH

(
I

E[Gc]
− µ

E[Gd]

))
. (61)
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University of Lisbon, Portugal, in 2001 and the
Habilitation in Telecommunications from Faculdade
de Ciências e Tecnologia (FCT), Universidade Nova
de Lisboa (UNL), in 2010. From 2001 to 2008 he
was a Professor at IST. Currently he is an associated
professor at FCT-UNL. During 2003 he was an
invited professor at Carleton University, Ottawa,
Canada. He was a researcher at CAPS (Centro de
Análise e Processamento de Sinal), IST, from 1992

to 2005 and a researcher at ISR (Instituto de Sistemas e Robótica) from 2005
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